Photonic materials are an emerging platform to explore quantum matter [1, 2] and quantum dynamics [3] . The development of Rydberg electromagnetically induced transparency [4, 5] provided a clear route to strong interactions between individual optical photons. In conjunction with carefully designed optical resonators, it is now possible to achieve extraordinary control of the properties of individual photons, introducing tunable gauge fields [6] whilst imbuing the photons with mass and embedding them on curved spatial manifolds [7] . Building on work formalizing Rydberg-mediated interactions between propagating photons [8, 9] , we develop a theory of interacting Rydberg polaritons in multimode optical resonators, where the strong interactions are married with tunable single-particle properties to build and probe exotic matter. In the presence of strong coupling between the resonator field and a Rydberg-dressed atomic ensemble, a quasiparticle called the "cavity Rydberg polariton" emerges. We investigate its properties, finding that it inherits both the fast dynamics of its photonic constituents and the strong interactions of its atomic constituents. We develop tools to properly renormalize the interactions when polaritons approach each other, and investigate the impact of atomic motion on the coherence of multi-mode polaritons, showing that most channels for atom-polariton cross-thermalization are strongly suppressed. Finally, we propose to harness the repeated diffraction and refocusing of the optical resonator to realize interactions which are local in momentum space. This work points the way to efficient modeling of polaritonic quantum materials in properly renormalized strongly interacting effective theories, thereby enabling experimental studies of photonic fractional quantum Hall fluids and crystals [2, 10, 11], plus photonic quantum information processors and repeaters [12] [13] [14] .
A. INTRODUCTION
Current efforts to produce and explore the properties of synthetic quantum materials take numerous forms, from ultracold atoms [15] to superconducting circuits [16] [17] [18] and electronic heterostructures [19, 20] and superlattices [21] . Cold atom techniques allow for precise control through lattice tuning [22] and Feshbach resonances [23, 24] . Superconducting quantum circuits present an opportunity to create materials from strongly interacting microwave photons, as they exhibit excellent coherence [25] , strong interactions [26] , and have recently been shown to be compatible with low disorder lattices [27] , low loss lattice gauge fields [28] , and interaction & dissipation driven phase transitions [29] .
In parallel, there is now growing interest in creating materials from optical photons. Non-interacting photons have been Bose-condensed in a resonator using a dye as a thermalization medium [30] ; photons have been made to interact weakly and subsequently Bose condense by coupling them to interacting excitons [20] . To explore strongly interacting photonic materials, it has previously been proposed to marry Rydberg electromagnetically induced transparency (EIT) tools developed to induce freespace photons to interact [3, 8, 31, 32] with multimode optical resonators [2] to control the properties of individual photons [7] , thereby introducing a real mass for 2D photons, and effective magnetic fields [6] , in conjunction with Rydberg mediated interactions. It was recently experimentally demonstrated that individual cavity photons do indeed hybridized with Rydberg excitations to form "cavity Rydberg polaritons," quasiparticles [33] [34] [35] that collide with one another with high probability [36] .
Formal modeling of these complex systems is incomplete. The properties of interacting free-space Rydberg polaritons have been explored in the dispersive regime [9] , as well as the resonant regime for Van der Waals [37, 38] and dipolar interactions [39] . Effective models of strongly interacting two-level cavity polaritons have been developed [40] , along with blockade "bubble" approximations that qualitatively reflect the physics of threelevel polaritons [41] , but to date no effective theories of three-level cavity Rydberg polaritons exist which quantitatively reproduce the observed strong interactions, as a consequence of the intricate renormalization of the twopolariton wavefunction once the polaritons overlap in space.
In this paper, we first show that cavity Rydberg polaritons at large separations are described by the Hamiltonian H pol ∼ cos
where H phot is the Hamiltonian describing the bare cavity-photon dynamics, determined through the resonator geometry; and H int is the Hamiltonian describing the Rydberg-Rydberg interactions. The polaritons thus inherit properties from both photonic and atomic constituents, with the proportion of each contribution determined by the dark state rotation angle θ d [42] , providing an interaction tuning knob akin to an atomic Feshbach resonance [23] . In the remainder of the paper we examine the limitations of this model, providing quantitative refinements to various aspects of it.
In section B we begin with the Floquet Hamiltonian for non-interacting resonator photons [7] and formally couple these photons to an ensemble of Rydberg-dressed threelevel atoms residing in a waist of the resonator [2] . In section C we explore the physics of an individual photon in the resonator, discovering one long lived dark polariton (with renormalized mass relative to the bare photon) and two short-lived bright polaritons. In section D we generalize to the case of two dark polaritons in the resonator, derive the form of the low-energy polaritonpolariton interaction potential, investigate scattering into bright-polariton manifolds as well as the regime of validity of the two polariton picture in the face of interactions and loss, focusing in section E on collisional loss of polaritons by dark→bright scattering. Once the interaction energy becomes larger than the dark/bright splitting the simple polaritonic picture breaks down, so in section F we explore the maximally challenging case of two dark polaritons in single mode optical resonator, developing a properly renormalized effective theory of interacting polaritons (with first principles calculable parameters) that we benchmark against a complete (and numerically expensive) microscopic theory. We find excellent agreement in experimentally relevant parameter regimes, pointing the way to a fully renormalized effective field theory of multimode cavity Rydberg polaritons. In section G we demonstrate that a properly situated Rydberg-dressed atomic ensemble produces interactions between polaritons that are local in momentum-space. In section H we relax the assumption of stationary atoms and investigate the effect of atomic motion on polariton coherence in both a single-and multi-mode regimes. Finally, in section I we conclude with a discussion of applications of cavity Rydberg polaritons to quantum information processing and strongly-correlated matter. Here we explore how the coupling to an ensemble of three-level atoms impacts the physics of non-interacting 2D resonator photons. We find the emergence of long lived "dark" polaritons, with dynamics similar to those of a resonator photon but renormalized mass and harmonic trapping. Off-resonant, nonadiabatic couplings to "bright" polaritons limit the lifetime of the dark polaritons. We operate in the limit that the light-matter coupling energy scale is much larger than the energy scale of the photonic dynamics within the resonator, making the polaritonic quasiparticles a nearly "good" basis for describing the physics, with corrections that we derive.
The second quantized Hamiltonian for photons within a single longitudinal manifold of a resonator is given by [7] :
where a † (x) creates a photon at transverse location x and h phot is the single particle Hamiltonian for a photon within the resonator, typically given by h phot (x) =
Here x runs over the plane transverse to the resonator axis, κ parametrizes the (mode independent) resonator loss, and Π ≡ i ∇ − eA is the mechanical momentum; the parameters of this photonic "Floquet" Hamiltonian are determined by resonator geometry: mirror locations and curvatures, plus the twist of the resonator out of a single plane [6, 7] .
We now insert a Rydberg-dressed atomic ensemble into the resonator as a tool to mediate interactions between the photons. To this end, the lower (S→P) transition of this ensemble is coupled to the quantized resonator field, while the upper (P→Rydberg) transition is coupled to a strong coherent field (see Fig. 1a ). Before exploring the resulting photon-photon interactions, we must first understand how the Rydberg-dressed atoms impact the linear dynamics of individual photons. The light-matter coupling induced by the introduction of the atomic ensemble takes the form (in the frame rotating with the resonator-and Rydberg-dressing fields):
Here φ † r (x, z) and φ † e (x, z) are the bosonic creation operators for atomic excitations at 3D location (x,z) in the Rydberg and excited (P) states respectively, from the "vacuum" of ground state atoms. γ r and γ e are the FWHM of the Rydberg and excited states respectively. δ e is the detuning of an untrapped, zero-transversemomentum resonator photon from the atomic line and δ 2 is the two-photon detuning from EIT resonance. Ω(x, z) is the laser induced Rabi coupling between excited (P) and Rydberg states, while G(x, z) is the vacuum-Rabi coupling strength between a resonator photon localized at transverse location x and a collective atomic excitation localized at longitudinal location z, and therefore must reflect the atom density. It does not reflect the transverse spatial structure of any particular resonator mode, as a † (x) creates a transversely localized photon. Indeed it may be written as
where L is the length of the atomic ensemble along the resonator axis, L res is the length of the resonator itself, d ge is the dipole moment of the atomic transition coupled to the optical resonator, ω ge is the angular frequency of this transition, and ρ(x) is the number density of atoms at location x.
Here and throughout, we incorporate losses through non-Hermitian Hamiltonians rather than through Lindbladian master equations. This allows us to identify the imaginary part of one-and two-particle eigenstates with particle decay rates ( [43] III.B.2).
C. POLARITON BASIS
The atomic density distribution exists in three dimensions, while the manifold of nearly-degenerate resonator modes to which the atoms couple is two-dimensional (here we assume G c Lres , ensuring that the atoms couple to only a single longitudinal manifold of the resonator). In order to develop a formalism of twodimensional polaritons, we define longitudinally delocalized, transversely localized collective atomic excitation operators (for k laser and k cav the wave-vector magnitudes of the coupling-laser and resonator fields, respectively), normalized to ensure a mode-independent bosonic commutation relation. To this end we choose the minimal case of an atomic ensemble of uniform density, and a uniform coupling-field that propagates counter to the resonator field:
We can now rewrite the atomic Hamiltonian as:
and
, where L is the length of the atomic ensemble along the resonator axis. Note that [h at ] has no position dependence. In the basis where [h at ] is diagonal, the resulting creation operators are the generators of three varieties of polaritons: one dark (with little to no excited state participation, depending on κ and γ r ), sandwiched between two bright (with large excited state participation). We are primarily concerned with the long-lived and strongly interacting dark polaritons, but will include off-resonant couplings to the bright polaritons to accurately model dark-polariton lifetime.
We 
For notational convenience only have we named the polariton creation/annihilation operators "χ † j (x)" and "χ j (x)"; these operators are not precisely Hermitian conjugates of one another, but are instead defined to preserve the bosonic commutation relations:
We may now write H at as:
The last step in writing H tot in the polariton basis is to decompose a † (x), a(x) into polariton field operators:
where the c j ,c j are elements of the inverse µ,μ matrices:
cav,j and the index "cav" denotes the photonic slot of µ −1 ,μ −1 . H tot can now be written as:
where h ij tot (x) ≡ δ ij i + h phot (x). We will operate in the limit that the difference of the eigenvalues of h at (the "dark"-"bright" spitting) is much larger than the spectrum of h phot , making the [d, b + , b − ] basis that diagonalizes the atomic Hamiltonian a neardiagonal basis for the multimode system. This is equivalent to the statement that a particle oscillating in the trap is more accurately described as a polariton rather than a photon if the light-matter coupling is much greater than the transverse optical mode spacing. To first order in h phot / , the Hamiltonian projected into the dark polariton manifold is:
where θ d is the dark state rotation angle [42] . We then have:
Thus, we see that to lowest order in ratio of the photonic dynamics energy scale to the atomic coupling energy scale
Ω 2 +G 2 , the atoms simply slow down all photonic dynamics and loss by a factor of cos
The dominant correction to this story is a second-order resonator (h phot ) -induced dark→bright coupling, producing an effective Hamiltonian [43] (in the above limits):
For a dark-polariton in an eigenstate with energy
δ is the detuning of the corresponding bare photon eigenstate from EIT resonance, the correction is largely imaginary (assuming for simplicity that δ e = 0, g, Ω γ e ):
Thus we see that loss is maximized (at fixed G 2 + Ω 2 ) for a polariton which is equal parts photon and Rydberg excitation, yielding δΓ pol ≈ 2 E 2 Ω 2 +G 2 γ e , a worst-case approximation we will employ for simplicity going forward.
Additional contributions to polariton loss arise from inhomogeneous broadening of the Rydberg manifold, e.g. atomic motion and electric field gradients (to which Rydberg atoms are susceptible due to their large DC polarizability [13] ). Such processes generate a ladder of couplings from the collective Rydberg state with the symmetry of the resonator mode into modes orthogonal to it (which therefore bright). We explore how (random) atomic motion induces polariton decoherence in Sec H; for inhomogeneous E-fields, the coupling rate to the bright manifold is γ b ≈ αEδE, where α is the DC polarizability of the Rydberg state, E is the DC electric field at the atomic sample, and δE is the field-variation across it. The resultant broadening of the dark manifold is then (in the limit Ω γ e ) [35] :
It is instructive to compare this result with the loss induced by detuning a resonator mode out of the EIT window (Eqn. C.2). Both channels are quadratically suppressed, but the suppression factor is different, emphasizing the distinction between the underlying physical processes: detuning from the EIT window couples to bright polariton manifolds that live in the resonator and are thus suppressed by both the light-matter-coupling-and control-fields, while inhomogeneous broadening couples to non-resonator bright polariton manifolds that "see" only the control-field.
D. POLARITON-POLARITON INTERACTIONS
The interaction between Rydberg atoms will result in an interaction between polaritons, much as in the 1D free-space situation [3, 4, 38, 44] . In the limit that the interaction length-scale is comparable to the mode-waist of the resonator, there can be a substantial renormalization of the collective atomic excitation which we investigate in Sec F. For now, we assume sufficiently weak interactions that photonic-and collective-atomic-components of the polariton wave-function share the same spatial structure; note that these interactions can still dominate over kinetic and potential energies, as well as particle decay rates, so this need not be a "weakly interacting" polaritonic gas in the traditional (mean-field) sense.
The bare 3D interaction between two Rydberg atoms takes the form V (x−x ) = cr(θ)C6
|x−x | 6 [40] , where c r (θ) is the angular dependence of the interaction. S-Rydberg atoms have radially symmetric wavefunctions and so c r (θ) ≈ c r ≡ 1. In the second quantized picture, for a thin atomic cloud (thickness T d, where d is the cavity analog of the blockade radius [8] ) the 2D-projected interaction takes the form (withṼ (x) ≈ T × V (x; z = 0)):
φ † r (x) may be written in the polariton basis in analogy to the way a † (x) was written in the polariton basis in the preceding section:
Here d i ,d j are matrix elements of the inverse µ,μ matrices:
ryd,j and the index "ryd" denotes the Rydberg slot of µ −1 ,μ −1 . In the absence of Rydberg loss and 2-photon detuning,
If the interaction energyṼ is small compared to the splitting between dark-and bright-polariton branches (Sec. E explores the couplings and loss that violate this condition), the diagonal elements of H int dominate, yielding a lowest-order polariton-projected effective Hamiltonian:P
whereP d is dark-polariton projection operator, and we have defined the dark polariton number density operator
. By tuning the dark-state rotation angle θ d (via atomic density and control-field intensity) it is possible to move from a weakly interacting gas of "nearly-photonic" polaritons (for θ d ≈ 0) to a strongly interacting gas of "nearly-Rydberg" polaritons (for θ d = π 2 ) and explore the correlations which then develop [2] . In this latter limit it is likely that the interactionsṼ become comparable to the dark-bright splitting, so the interaction potential must be renormalized as explored in section F.
E. INTERACTION DRIVEN POLARITON LOSS
The polariton-projected field theory of the preceding sections neglects loss from collisional coupling to bright manifolds. We investigate processes of this sort by exploring the minimal model of two δ-interacting dark polaritons in the TEM 00 mode of a resonator, with V (x, x ) = U ef f δ(x − x ), where U ef f is a phenomenological interaction strength. Such an interaction couples the two dark polariton state |dd to a final two-polariton state |f with Rabi frequency Ω dd→f = f |Ṽ |dd . We consider two final states: (1) one each upper and lower bright polaritons (|b + b − ), which is energetically degenerate with |dd , and (2) dark-and (upper/lower) bright-polariton (|db ), which is off-resonant, but sufficiently spectrally broad that its enhanced matrix element makes it important. , while the |dd → |db± coupling is "off-resonant" and so its additional loss Γ dd→db = sin
ef f is suppressed by the light-matter coupling field.
In a frame rotating with the cavity and control fields (δ e = δ 2 = 0), the dark polaritons have zero energy and the upper/lower bright polariton branches are energetically shifted by ± √ G 2 +Ω 2 2 (Fig. 2) . The process |dd → |b + b − process is thus energy conserving, with collisional Rabi coupling given by:
Because this process is resonant, it induces a loss
, where Γ bb = 2 γe 2 is the intrinsic loss of the bright polariton branches which are predominantly composed of the lossy P-state. Plugging in, the loss rate is:
This loss depends heavily on the interaction strength between the Rydberg atoms and the dark state rotation angle. Making the particles more Rydberg-like creates stronger interactions and increases the loss rate; similarly, using a higher principle quantum number increases U ef f , further enhancing the loss. We now investigate the second scattering process, |dd → |db (upper or lower bright polariton). Following the same procedure, the collisional Rabi frequency is:
Since this is an off-resonant process (final and initial state are detuned by ∆ =
), the resulting loss rate is
(we ignore resonatorand Rydberg-loss, as bright-state loss is dominated by p-state loss in alkali metal atom Rydberg cQED experiments [36] ). Combining these effects/approximations yields:
Once again, stronger interactions and a more Rydberglike character for the polaritons increases the loss from this process but due to the off-resonant nature of this process there is a quadratic suppression from the lightmatter coupling which separates the bright-and darkpolaritons in energy.
We can compare the two loss processes:
, the |dd → |db loss channel will dominate, while in the opposite limit, interaction-driven loss is dominated by the ∼ energy conserving process.
F. EFFECTIVE THEORY FOR INTERACTING POLARITONS
The simple polariton-projected interacting theory introduced in section D is an accurate description only for polaritons whose interaction energy is less than the EIT linewidth [35] for all pairs of atoms comprising the polaritons. As two polaritons approach one another and their wavepackets begin to spatially overlap, some terms in the interaction energy diverge; full numerics (see SI of [36] for details of the approach) reveal that the two-polariton wavefunction is renormalized to suppress such overlap, at the cost of additional (finite) interaction energy, and loss. We now explore the extreme case of this physics: a single-mode optical resonator that is moderately-tostrongly blockaded, to develop a low-dimensional effective model in the basis of near-symmetric collective states that the full numerics.
The "brute force" numerical approach that we have previously employed accounts for the three-level structure of each atom in the atomic-ensemble, and the interactions between atoms. It accurately reproduces observed correlations [36] at the expense of a Hilbert space which grows as N m , where N is the number of atoms in the atomic ensemble and m the number of polaritons in the system; including multiple resonator transverse modes to allow for motional dynamics of the polaritons rapidly becomes computationally intractable. The problem of an extremely large Hilbert space is exacerbated since many-body physics [2, 45] demands both multiple resonator modes and significantly more than two excitations, which makes numerically computing the behavior of the system completely untenable without a coarsegrained effective theory.
To the extent that "polaritons" are well-defined collective excitations whose atomic spatial structure reflects the cavity mode functions, it should be possible to develop an effective theory whose Hilbert space size is independent of the atom number, making explorations of multimode/many-body physics tractable. In this section we demonstrate, for a single optical resonator mode, an approach to handle the suppression of short-range double-excitation of the Rydberg-manifold, arriving at a coarse-grained effective theory including both dark and bright polaritons whose parameters may be calculated from first principles.
Consider two excitations, either atomic or photonic, in an atomic ensemble coupled to a single-mode resonator. In the absence of interactions, we can explicitly write out the collective states that couple to the resonator field: |CC , |CE , |CR , |EE , |ER , |RR . These states represent two excitations as photons in the resonator, one photon and one p-state excited atom, one photon and one Rydberg atom, two excited p-state atoms, one pstate and one Rydberg atoms and two Rydberg atoms respectively. The Hamiltonian is closed in this basis, and takes the form [46] :
whereγ e ≡ γ e + 2iδ e is a complex linewidth incorporating the P-state detuning. The above basis and corresponding Hamiltonian no longer accurately describe the physics once the Rydberg-Rydberg interactions become comparable to the dark-bright splitting: under such conditions, the |RR is renormalized due to Zeno suppression of excitation of Rydberg-atom-pairs at small separation.
We posit that the model can be "fixed" by considering coupling to a new collective "two-Rydberg" state | RR , where the tilde signifies that the relative two-Rydberg amplitudes are renormalized by interaction; furthermore, the coupling from |ER to | RR will no longer be
To ascertain the form of the state | RR , we will examine the equations of motion in the frequency domain under the non-Hermitian Hamiltonian in the bare-atomic basis within the two-excitation manifold. We work in a frame that rotates with an energy 2Ω p , convenient for performing scattering experiments of pairs of photons injected by a probe at energy Ω p . We assume that while the state |RR is renormalized by the interactions, the state |ER is not, and reflects the non-interacting polaritonic wave-functions of the preceding sections; this is the central assumption of this section, and is validated by numerics. Corrections to |ER would enlarge the Hilbert space and may be included as higher-order terms in the effective theory. , where we defined the complex detuningδ r = δ 2 + i γr 2 − Ω p . We can now write the normalized collective state | RR , its effective interaction energyŨ and effective couplingΩ √ 2 to |ER as:
In the extreme limit of strong interactions across
dÃdÃ e −2(r 2 +r 2 )d12
, where w c is the mode waist; the pre-factor makes this interaction substantially weaker than one might naïvely anticipate-the interaction predominantly arises from particles separated by ∼ 2.2w c , and not w c . We next benchmark the validity of this effective theory against a full microscopic numerical model [36] . As a figure of merit we have chosen the temporal intensity autocorrelation function g 2 (τ ), which compares the rate at which pairs of photons escape the resonator with separation in time of τ to what would be expected for uncorrelated photons escaping at the same average rate; in an experiment where our only access to the Rydberg physics is through photons leaking from the resonator, g 2 (τ ) characterizes the strength of polariton interactions, with g 2 (τ = 0)
1 indicating strong interactions between intracavity photons. We compare g 2 (0) vs. probe detuning δ l (Fig. 3a) , g 2 (0) vs. p-state detuning δ e (Fig. 3b) , lightmatter coupling strength G (Fig. 3c) , Rydberg control field strength Ω (Fig. 3d) and van der Waals interaction coefficient C 6 (Fig. 3e) between brute-force numerics of many individual three-level atoms and the effective theory developed above. It is apparent that our approach largely agrees with the full numerical model up to "noise" arising from randomness in the atom locations. We expect that residual deviations can be parameterized as corrections toΩ andŨ due to coupling to bright-polariton manifolds, and a slight enlargement of the Hilbert space to incorporate the additional states coupled to.
G. MOMENTUM-SPACE INTERACTIONS
A resonator which exhibits manifolds of nearlydegenerate modes may be understood as a self-imaging cavity: a localized spot living within such a manifold is re-focused onto itself after a full transit around the cavity. In-between, the localized spot undergoes diffraction, equivalent to the time-of-flight expansion of a free atomic gas [47] . Indeed, what the optics community calls a "fourier plane" is what a cold-atom experimentalist calls "momentum space": the momentum of the photon in the initial ("reference" or "image") plane has been mapped onto its position in the "fourier plane" [48] . Accordingly, it should be possible to realize interactions which are local in momentum-space by placing a Rydberg-dressed atomic-ensemble that mediates these interactions in a fourier-or nearly-fourier-plane of the optical resonator.
We explore this idea formally by extending the cavity Floquet Hamiltonian engineering tools of our prior work [7] to the interacting regime. A thin gas of Rydbergdressed atoms placed in a plane separated from the "reference"/"image" plane by a ray-propagation matrix M = ( a b c d ) produces interactions of the form:
For the simple case of a delta-interacting gas of atoms placed in such an intermediate plane (a distance z from the reference plane), we employ this result to transform an expression where the dark polariton creation/destruction operators and interaction potential are written in the intermediate plane to one where the interaction is transformed and all operators are written in the "reference" plane:
The resulting polariton interaction is no longer purely local in real-space, and indeed can "instantaneously" transport polaritons through space. The most extreme example of such an interaction occurs if the mediating gas is placed in a fourier plane of the system, a = 0, b = f
an interaction that is local in momentum-space.
H. IMPACT OF ATOMIC MOTION
In this section we investigate the effects of atomic motion on the coherence properties of individual Rydberg polaritons in both single-and multi-mode regimes. We relax the assumption, employed to this point in the manuscript, that the atoms remain spatially fixed, and instead allow them to move ballistically through space. The impact of this motion upon the P-state is ignored because the P-state linewidth of an alkali-metal atom (∼ 2π ×6MHz) is typically much larger than any Doppler broadening effect at µK temperatures (∼ 2π ×100kHz for Rb), and furthermore, dark polaritons by construction spend very little time in the P-state (they are "dark" to it). In what follows, we will assume the polariton is almost entirely Rydberg-like (the typical experimental situation [36] ; if this is not the case, all doppler-induced broadenings and cross-couplings must be multiplied by a factor reflecting the Rydberg-participation of a polariton sin
We incorporate atomic motion into the Hamiltonian in the bare-atom basis by allowing each atom to have a time-dependent coupling-phase to the probe and control fields resulting from its time-varying position:
where x j and v j are the positions and velocities of the atoms, drawn from a normal distribution reflecting the sample r.m.s. size and temperature. The effect of atomic motion, then, is to mix the collective states that couple to the resonator modes with those that, in the absence of atomic motion, do not couple to it. To see this formally, we write the Hamiltonian in the basis of the instantaneous collective eigenstates, resulting in a Hamiltonian of the form:
where |m(t) , E m (t) are the instantaneous polaritonic eigenstates and their corresponding energies, and |ṙ(t) r(t)| is an extra term introduced by this timedependent change of basis, capturing the effects of atomic motion in the instantaneous collective Rydberg state |r(t) . In what follows, we examine the form of this final term for the particular case of twisted resonators which produce a Landau level for light [6, 45] , so the mode func-
with angular momentum L = l . For a polariton in a mode with angular momentum l , |r(t) = |r l (t) , 
where the index |j runs over all atoms in the sample, r = x + vt, w c is the resonator mode waist, k is the wavevector defined by the relative orientation of the cavity-and control-fields and ∇ r refers to the gradient with respect to r. These terms of H in the instantaneous eigen-basis have three effects: mixing polaritons in modes of different angular momenta, coupling to bright polariton manifolds orthogonal to the resonator field, and random shifts of the energy of the mode in which the polariton resides. We now investigate the extent to which each of the terms above induce each of these effects. Define:
Even for a maximally degenerate concentric cavity, most collective Rydberg states that one can generate (for example through atomic motion, above) are orthogonal to all resonator modes, because their spatial form along the cavity axis does not match the cavity field (equivalently, their longitudinal momentum is not that of a cavity photon). As a consequence, most of the dynamics generated by coupling to |T 1 , |T 2 , and |T 3 consists of coupling to bright polariton manifolds with no corresponding dark (resonator-like) mode. We bound these effects by assuming, at zeroth order, that all of each coupling is to these bright manifolds. The strength of this coupling is thus the normalization of the corresponding |T i :
We can now write |T 1 = kv th |T1 kv th = kv th |T 1 , where |T i is the normalized state-vector corresponding to state |T i . This corresponds to a Rabi-coupling of strength ∼ kv th to a bright polaritonic state which is detuned by Ω, and a resulting dark→bright loss rate of:
A small fraction of |T 1 overlaps with other degenerate resonator modes, corresponding to an atomic-motioninduced polaritonic motional diffusion:
The expected value of this term is zero since the average atomic velocity is zero: v p t=0 = 0. The r.m.s. coupling, however, is non-zero:
where N 0 is the number of atoms in mode l =0 and
is a generalized the Doppler coupling matrix element between modes l and m, incorporating the fact that higher angular momentum modes contain more atoms, and thus provide a smoother atom distribution. We can expand this matrix element for large l ≈ m yielding C l→m ≈ e
, indicating diffusion only into nearly-adjacent modes.
Last, the r.m.s. energy shift (inhomogeneous broadening) of the collective Rydberg state induced by this term is given by:
The second term of eq. H.2 is:
Again, we examine how this term couples a dark polariton to the lossy manifold of bright polaritons:
This broadening comes from the time-dependent probe field coupling that the atoms experience as they move within the mode; it is much smaller than kv th . From the functional form of |T 2 we can also see that it does not couple modes of different angular momenta r m |T 2 = δ l,m −α l α l . The third term, similar to the first, produces both a broadening and a shift in the dark polariton energy. We can see that this term couples to the bright collective manifold with matrix element:
We can similarly evaluate how this term couples to other states in the dark collective-state manifold:
where
is the coupling element between modes of the resonator that captures mode spatial overlaps, coupling induced by atomic motion and increasing mode area. This crossthermalization coupling element converges for large l ≈ m to C l→m ≈ , independent of l. To summarize, atomic motion results in homogeneous and inhomogeneous broadening of the dark polaritons, along with state diffusion. All effects arise from recoilinduced differential motion of the Rydberg-excited atom, expressed asṙ l (t): the first couples (eqn's H.3, H.6, H.7) the system to modes that decay into free space due to their spatial symmetry, while the second term (eqn's H.4, H.8) quantifies thermalization of atomic degrees of freedom into the polaritonic degrees of freedom as a result of atomic motion. The former effect is suppressed by the detuning of the uncoupled (and therefore bright) modes from the dark manifold, while the latter effect is suppressed because atomic motion is random, so it is only the shot-noise in the motion of the ensemble comprising the polariton that leads to polaritonic mode coupling.
Doppler decoherence fundamentally arises from the relative motion of the atoms comprising the mattercomponent of a polariton relative to the field comprising the photonic component; as a consequence, the Doppler decoherence is sensitive to the canonical momentum of For broadening terms, the angular momentum of the state under consideration is l; for cross-thermalization we consider nearby angular momentum states with mean l0 and separation 2δl. Computed broadening and cross-thermalization terms are upper bounds on the respective processes. Note that kwc ≈ 100 for typical experiments [36] , so kv th terms dominate strongly over v th /wc terms until l becomes large.
the optical field, not its mechanical momentum [7] . This distinction is particularly important in cavities whose near-degenerate manifolds represent a particle in a magnetic field, because although the Landau level is translationally invariant in a fundamental sense, the choice of gauge arising from resonator twist means that polaritons further from the resonator axis are more susceptible to Doppler decoherence, apparent in the l-dependence of the loss terms above.
I. OUTLOOK
In this paper we have presented a field theory of interacting cavity polaritons in the strongly interacting regime, including a formal treatment of interaction and atomic-motion-induced loss channels, and the development of a renormalized single-mode theory. We also demonstrate that by varying the location of one or more Rydberg-dressed atomic ensembles within the resonator, the interactions can be tuned continuously from local in position-space to local in momentum-space.
The renormalized single-mode theory suggests that it should be possible to develop a renormalized cavityRydberg-polariton field-theory, analogous to its freespace counterpart [9] , and in conjunction with recently demonstrated cavity Rydberg polariton Keldyshtechniques [49] , we are now in a position to accurately model the physics of cavity polariton crystals and Laughlin puddles [2] , plus quantitative analysis of photonic QIP and quantum repeater protocols [14, 50] .
